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POISSON PROCESSES IN FREE PROBABILITY 


GUIMEI AN AND MINGCHU GAO 


Abstract. We prove a multidimensional Poisson limit theorem in free probability, and define 
joint free Poisson distributions in a non-commutative probability space. We define (compound) 
free Poisson process explicitly, similar to the definitions of (compound) Poisson processes in clas¬ 
sical probability. We proved that the sum of finitely many freely independent compound free 
Poisson processes is a compound free Poisson processes. We give a step by step procedure for con¬ 
structing a (compound) free Poisson process. A Karhunen-Loeve expansion theorem for centered 
free Poisson processes is proved. We generalize free Poisson processes to a notion of free Poisson 
random measures (which is slightly different from the previously defined ones in free probability, 
but more like an analogue of classical Poisson random measures). Then we develop the integration 
theory of real-valued functions with respect to a free Poisson random measure, generalizing the 
classical integration theory to the free probability case. We find that the integral of a function 
(in certain spaces of functions) with respect to a free Poisson random measure has a compound 
free Poisson distribution. For centered free Poisson random measures, we can get a simpler and 
more beautiful integration theory. 

Key Words. Free Probability, Free Poisson Processes, Integration with respect to free Poisson 
random measures. 
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Introduction 

The theory of stochastic processes is a very important branch in classical probability with wide 
applications in engineering and finance 1 |DJ) and [TKj b In free probability theory, stochastic 
processes have been studied since I990’s. The most popular and important stochastic process in 
classical probability is Brownian motion (the Wiener process). The counterpart of Brownian motion 
in free probability is the free Brownian motion. The free Brownian motion and stochastic analysis 
with respect to the free Brownian motion have been studied thoroughly l [PBi) . [BSlj . [BS2] etc.). 
Anshelevich [MAI] developed an integration theory of bi-processes with respect to (additive) non- 
commutative stochastic measures. Free infinite divisibility and free Levy processes and stochastic 
integration with respect to a free Levy process were studies in |BnT| . Certain stochastic differential 
equations driven by free Levy processes were studied in [MCI] and [MC2| . 

It is well known that Poisson distributions form a class of the most prominent processes in classical 
probability beyond normal distributions (Lecture 12 in [NSj l. and free Poisson processes form a class 
of the most important processes with free increment in free probability after free Brownian motion 
f lMAp . But free Poisson distributions and processes have not been investigated thoroughly. In this 
paper, we study some interesting questions on free Poisson distributions and free Poisson processes. 

A free Poisson Limit Theorem. The counterpart of normal distributions in free probabil¬ 
ity is semicircle distributions. There is a semicircle limit theorem called free central limit theo- 
rem(Theorem 8.10 in |NS| 1. 

Very similarly, a free Poisson distribution can be realized as the limit in distribution of a sequence 
of simple distributions (Proposition 12.11, Definition 12.12 in [NS]). Nica and Speicher presented 
a multidimensional central limit theorem (Theorem 8.17 in |NSj b Roughly speaking, the theorem 
states that a joint semicircle distribution can be realized as the limit in distribution of a sequence 
of families of random variables. In this paper, we proved a multidimensional free Poisson limit 
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theorem (Theorem 2.4). Therefore, a joint free Poisson distribution can be defined as the limit in 
distribution of certain sequence of families of elements (Definition 2.6). 

Free Poisson processes. A construction of free Poisson process with all free cumulants equal 
to 1 was given in Section 4.2 in |MA) . but no definition of free Poisson processes was give there. 
Anshelevich gave a description of free Poisson processes as “A process with stationary freely in¬ 
dependent increments such that the increments have free Poisson distributions is the free Poisson 
process” (4.2 in |MA2) '). In this paper, we give a definition of free Poisson process (Dehnition 3.1), 
an analogue of a classical Poisson process. We provide a step-by-step procedure for constructing a 
free Poisson process (Theorem 3.2). Nica and Speicher gave the definition of compound free Poisson 
distributions in 12.16 of |NS) . We generalize free Poisson processes to the compound case (Definition 
3.5), and give a similar procedure for constructing a compound free Poisson process (Theorem 3.6). 
In classical probability, the sum of two independent Poisson processes is a Poisson process (Section 
2.3 in [RG ] ). We prove in this paper that the sum of finitely many freely independent compound 
free Poisson processes is a compound free Poisson process (Theorem 3.7), and conditions under 
which the sum of two freely independent free Poisson processes is a free Poisson process are given 
(Corollary 3.8). 

The Karhunen-Loeve expansion of a stochastic process is a significant result in classical stochastic 
processes ([DJ]). Roughly speaking, the expansion says that under certain conditions, a stochastic 
process can be represented as an infinite series of the products of random variables and deterministic 
functions 

OO 

Xt = '^Xi(j)i{t),0 <t<T, 

i=l 

where Xi,i = 1,2, ••• , are uncorrelated random variables (E(XiXj) = dijXi), and {(j)i : i = 
1,2,---} is an orthonormal basis of L^([0,T]), T > 0 (Theorem 5.3 or [AA| 1. In this paper, we 
present a Karhunen-Loeve expansion for a centered L^-continuous free Poisson process in a W*- 
probability space (A, </?) with precise formulas for 4>i{t) and Ai (Theorem 4.5). 

Integration with respect to a free Poisson random measure. Stochastic integration 
with respect to a non-commutative stochastic measure was studied by several mathematicians. 
Anshelevich |MA1) defined a non-commutative stochastic measure as follows. 

Definition 0.1 (Definition 1 in |MA1) L A non-commutative stochastic measure is a map from the 
set of all finite half-open intervals I = [a, 6) C [0,cx)) to the self-adjoint part of a W*-probability 
space (A, </j), 1 1 —>■ X{I), with three properties. 

(1) Additivity. /i n /2 = 0, Ii U /2 = J ^ X{h) -f Xih) = X{J). 

(2) Stationary. The distribution of X(I) dependents only on |/|. 

(3) Free increments. If Ii, I 2 , ■ ■ ■ ,In o,re mutually disjoint intervals, then 

A(/i),A(/2),-- - ,A(J„) 

are freely independent. 

Then Anshelevich |MA1) defined the integral of a bi-process C/ in A ® A°^ with respect to a 
non-commutative stochastic measure f [MAI) L Glockner, Schurmann, and Speicher |GSS] gave a 
definition in a ^-probability space similar to the above Definition 0.1, and named it a free white 
noise. 

Barndorff-Nielson and Thorjornsen [BnTj defined free Poisson random measures in a more general 
setting. 

Definition 0.2 (Definition 6.7 in [B n U). Let (0,S,iy) be a measure space, and £q = {E S £ : 
v{E) < cx)}. A free Poisson random measure is a map M from £q into the cone of all non-negative 
operators of a W* -probability space (A, (/j) with the following properties. 

(1) VA G fo, M(E) has a free Poisson distribution Kn{M(E)) = v{E),n = 1, 2, • • •. 
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(2) If Ei,E2t--- ,En are mutually disjoint sets in Sq, then M{Ei),M{E2), - ■ ■ ^M{En) are 
freely independent. 

(3) • jEn are mutually disjoint sets in £q, then M(U'^^iEi) = M(Ei) . 

The authors of |BnT| also gave an existence theorem for free Poisson random measures (Theorem 
6.9 in IBnTp . and defined the integral of a T^(0, v) function with respect to a free Poisson random 
measure (Dehnition 6.19 in [BnTp . 

A dehnition of free Poisson random measures, very similar to Dehnition 0.2 above, was given 
in [BPj . The authors of [BP] studied multiple integrals of a special kind of functions with respect 
to a free Poisson random measure, and proved a semicircle limit theorem for free Poisson multiple 
integrals (Theorem 4.1 in [BP]). 

In this paper, we dehne free Poisson random measures via a sightly different way from the others 
mentioned above in a IT*-probability space. We do not require that operators for if C M of 
hnite measure, be non-negative, but self-adjoint only (Dehnition 5.1). Our dehnition of free Poisson 
random measures is more like an analogue to that in classical probability theory (Section 9.3 in 
|TKp . We dehne the integral X{f) of a function / S L^(R) n L^(R) with respect to a free Poisson 
random measure (Theorem 5.4). We prove a limit and free stochastic integration exchange formula 

lim [ fn{t)dXE{t) = [ lim fn{t)dXE(t) 

(Theorem 5.5). If Xe > 0, for every if C M of hnite measure, then the integration operator 
X : T4(K) —>■ L^{A,‘p) is contractive (Theorem 5.7), where T4(R) is the space of all real-valued L^- 
functions on R. When we focus on L°°~ = n„>iL"'(R), we hnd that the integral X{f) of / S 
has a compound free Poisson distribution (Theorem 5.9). For a centered free Poisson random 
measure (Dehnition 6.1), the integration operator X is an isometry from L^(R) into L‘^[A,(p) 
(Lemma 6.3). The integration operator X with respect to a centered free Poisson random measure 
can be extended to a bounded operator from L^(R) into L^{A, yf) with norm less than or equal to 
2 (Lemma 6.4). 


1. Preliminaries 

In this section we recall some basic concepts and results in free probability used in sequel or 
mentioned previously. The reader is referred to [NS] and |VDNj for the basics on free probability, 
and to [KRj for operator algebras. 

Non-commutative Probability spaces. A non-commutative probability space is a pair (A, <p) 
consisting of a unital algebra A and a unital linear functional tp on A. When A is a =i=-unital 
algebra, ip should be positive, i. e. p{a*a) > 0,Va G A. A C*-probability space {A^p) consists 
of a unital C'*-algebra and a state p ox\ A. A tT*-probability space (A, p) consists of a hnite von 
Neumann algebra A and a faithful normal tracial state p on A. An element a G A is called a (non- 
commutative) random variable. </j(a”) is called the n-th moment of a, n = I, 2, • • •. Let C[X] be 
the complex algebra of all polynomials of an indeterminate X . The linear function /i^ : C[A1] —>■ C, 
Pa{P{X)) = p{P{a)),yP G C[Ar], is called the distribution (or law) of a. A sequence {a„} of 
random variables a„ G (A„, Pn) converges in distribution to a G (A, p) if 

lim Pnia'f') = (p(a'"),Vm > 1. 

n—^oo 

Joint Distributions. Let <C{Xi, X2, ■'' ^Xs) be the unital algebra freely generated by s 
non-commutative indeterminates Xi,X2,-'' jXs, and ai,a2,--- ,as G A, where {A^p) is a non- 
commutative probability space. The family {p[ai^ai.^ • ■ ■ am) A < ii < i2 <■■■< in ^ s, n > 1 } is 
called the family of joint moments of ai, 02, • • • , Og. The linear functional p : C(Ali, X2, • • • , Xs) —>■ 
C dehned by 

M(P)=(^(P(ai,a2,--- ,ag)),VPGC(Xi,-- - ,Xg), 
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is called the joint distribution of 01 , 02 , • • • ,Os. Similar to the single variable case, we can define 
the limit in distribution of a sequence of families of random variables. 

Free independence. A family {Ai : i € 1} of unital subalgebras of a non-commutative probabil¬ 
ity space (A, (p) is freely independent (or free) if (p(oi 02 • • • o„) = 0 whenever the following conditions 
are met: o^ S A;(q, (p{ai) = 0 for i = 1, 2, • • • , n, and Z(i) ^ -|- 1), for z = 1, 2, • • • , n — 1 . A family 

{oi : z S /} of elements is free if the unital subalgebras generated by o^’s are free. 

Non-crossing partitions. Given a natural number m > 1, let [m] = {1, 2, • • • ,m}. A partition 
TT of [m] is a collection of non-empty disjoint subsets of [m] such that the union of all subsets in tt 
is [m]. A partition tt = {Si, B 2 , • • • , BA\ of [m] is non-crossing if one cannot find two block Bi and 
Bj of TT, and four numbers pi,P 2 S Bi, qi,q 2 S Bj such that pi < qi < P 2 < q 2 - The collection 
of all non-crossing partitions of [m] is denoted by NC{m). \NC{m)\, the number of non-crossing 
partitions of [m], is Cm = ’ ’^hich is called the m-th Catalan number (Notation 2.9 in 

[NS]). 

The Mobius function. Let P be a hnite partial ordered set (poset), and = {{tt, a) : n, a € 
P,TT < a}. For two functions F, G : P^^'^ —?> C, we define the convolution F * G hy 

F*G{7r,a):= ^ F{it, p)G{p,a). 

p£P,7r<p<(7 

Let ( 5 ( 7 r, cr) = 1, if tt = cr; 5{'k, ct) = 0, if tt < cr. Then 

F*5{'k,<7)= ^ F{'K,p)5{p,a) = F{-K,a),\/F. 

pGP,7T<p<<T 

It follows that S is the unit of set of all functions on P^^'^ with respect to convolution *. The inverse 
function of the function : P^^'> —>■ C, (((tt, a) = 1, V( 7 r, tr) G P^^\ with respect to the convolution * 
is called the Mobius function pp of P. 

Free Cumulants Let 'K,a G NC{n). We say tt < tr if each block (a subset of [n]) of tt is 
completely contained in one of the blocks of tr. NC{n) is a poset by this partial order. The Mobius 
function of NC{n) is denoted by /z„. The unital linear functional p : A G produces a sequence 
of multilinear functionals 

: A” C, pn{ai,a2, ■■■ , a„) = p{aia2 ■ • • a„), n = 1, 2, • • • . 

Let V = (zi, Z 2 , • ■ • , *s} C [nj. We define :pv(ai, 02 , • • • , a„) = ^{apai^ ■ ■ ■ Ui^). More generally, for 
a partition tt = {Vi,V 2 , ■ ■ ■ ,Vr} G NC{n), we define (p^(ai, 02 , • • • , a„) = 01=1 ‘fVi{ai,a 2 , • • • , a„). 
The n-th free cumulant of {A, p) is the multilinear functional : A" —>■ C defined by 

(^^ 15 ^2 , * * * , Un) — ^ ^ (^ 1 , ^ 2 ; ' * * ; {p ; In) ; 

■K^NC{n) 

where 1 „ = [rz] is the single-block partition of [n]. 

Free cumulants zt„ : A" —?> C and free independence have a very beautiful relation. 

Theorem 1.1 (Theorem 11.20 in |NS] L A family {ai : i G 1} of elements in {A,p) is freely 
independent if and only if for all n>2 and all z(l),z(2), • • • ,z(n) G I, 

^n(aqi)n 2 ( 2 ) * * * ^i(n)) ~ d 

whenever there exist 1 < l,k < n with i{l) ^ i(k). Therefore, if a and b are freely independent, then 
Kn{a + b) = Kn{a + b,a + b, - ■ ■ ,a + b) = kn{a) + fc„(&). 

Semicircle elements. Let (A, p) be a ^-probability space. A self-adjoint element a € A is a 
semicircle element (or has a semicircle distribution) if 

p{a'^) =[ G\/r^ - Pdt, TT, = 1 , 2 , • • • , 

J-r 
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where r is called the radius of a. When r = 2, = 1, we say a a standard semicircle element 

(or has a standard semicircle distribution). A semicircle element can be characterized by <^{ 0 ^^) = 
{r'^/4)^Ck, where Ck is the fc-th Catalan number, and = 0, k = 0,1,2, •••, or by free 

cumulants K„(a) = (5n,2x in [NS]). 

2. Multidimensional free Poisson distributions 

By the discussion in Page 203 and Exercise 12.22 of |NS] . a classical Poisson distribution is the 
limit in distribution of a sequence of convolutions of Bernoulli distributions. In the point of view 
of random variables, we can restate it as follows. Let A > 0, a G K. For each € N, > A, let 
{bi^N : * = 1, 2, • • ■ , A^} be a sequence of i.i.d. Bernoulli random variables such that 

Pr{bi^N = 0 ) = 1 - ^,Pr{b^^N 

Then the binomial random variable Sn = has a binomial distribution 

Pr{SN = ka) = 

fc = 0,1, 2, • • • , A^, where C% is the combination number (or the binomial coefficient). Let N —>■ 00 , 
by elementary calculus, we can get 

lim PtISn = ka) = —e~^ = Pr(P = ka), 

N—^oo k,\ 

where P has a Poisson distribution Pr{P = ka) = ^6“'*', k = 0,1,2, ■■■. 

In non-commutative case, the free Poisson limit theorem (Proposition 12.11 in [NSj l says that a 

free Poisson distribution is the limit in distribution of a sequence of free convolutions of Bernoulli 

distributions. We want to restate it in the language of random variables. 

Let’s define Bernoulli random variables in a non-commutative probability space. Let {A, ip) be 

a non-commutative probability space. A Bernoulli random variable a G A is a linear combination 

a = ap + /3(1 — p), where a,/3 G R, and p G A is an idempotent (p^ = p) with 0 < ip{p) < 1. 

The classical interpretation of a Bernoulli random variable is that a is a random variable with two 

“values”: a and (3, and Pr{a = a) = ip{p), Pr(a = /3) = 1 — ip{p). In the free Poisson limit theorem, 

(3 = 0, ip{p) = ^,N > X. We can restate the free Poisson limit theorem as follows. Let A > 0, a G R. 

For A^ G N, Af > A, let {api^N,ap 2 ,N, ■ ■ • ,0'Pn,n} be a free family of Bernoulli random variables 

such that ipipi^jv) = = 1; 2, • • • ,N. Let Sn = ‘^Pi,N- Then 

lim Km{SN) = Aa™, m = 1, 2, • • • . 

N—^OO 

Hence, we may restate the definition of free Poisson random variables as follows. 

Definition 2.1 (Proposition 12.11, Definition 12.12 [NS]). Let A > 0,0 G R, and {A,ip) a non- 
commutative probability space. A random variable a G A has a free Poisson distribution if the free 
cumulants of a are Kn{a) = Xa”',\/n G N. 

In this section, we want to generalize the results on free Poisson distributions in Lecture 12 of 
|NSj to the multidimensional case. 

By the proof of Theorem 13.1 in |NS] . we can modify the theorem slightly to be the following 
form. 

Proposition 2.2 (Theorem 13.1 and Lemma 13.2 in |NSj L Let {uk} be a sequence of natural 
numbers such that limfe_).oo nk = 00 , and, for each natural number k, {Ak, p>k) be a non-commutative 
probability space. Let I be an index set. Consider a triangular array of random variables, i. e., for 
each i € 1, 0 < r < Uk, we have a random variable anl,r G Ak- Assume that, for each k, the sets 
{“(rafc i)}ig/, ' ’' ’ identically distributed. Then the following 

statements are equivalent. 
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(1) There is a family of random variables in some non-commutative probability space 

{A, if) such that ^ 2 + '■■ + o,nl,nk)i£i converges in distribution to {bi)i^j, as 

k —>■ 00 . 

(2) For all n > 1, and all i{l),i{2), • • • , i(n) G I, the limits limfc^oo nkTkifln^J^ ■ ■ ■ Oni"r exist, 
1 < r < rife. 

(3) For all n > 1, and all i{l),i(2), • • • , i{n) G I, the limits limfe_j,oo nkK^{ani]P ■ ■ • ank"r^) exist, 

1 < r < Uk, where is the n-th free cumulant functional in Ak- 

Furthermore, if one of these conditions is satisfied, then the limits in (2) are equal to the corre¬ 

sponding limits in (3), and the joint distribution of the limit family {bi)i^i is determined in terms 
of free cumulants by (n > 1, z(l), z(2), • • • , i{n) G I) 

Kn{hi(^i)h(2) ■ ■ ■ h{n)) = nk<Pk{a^n^^J) 

We will use the following elementary result in sequel. 

Lemma 2.3. Let {ai j : i,j = 1,2,---} be a bi-index sequence of complex numbers. //sup{|ai_j| : 
i = 1,2,---} = Mj < 00 ,Vj, then there exists a sequence {nk)ken of natural numbers such that 
limfc_>oo nk = 00 , and lim^^oo an(fc) j exists,Vj G N. 

Proof. Since : * = 1, 2, • • • } is bounded, there is a sequence {i{k, 1) : /c = 1, 2, • • • } of natural 

numbers such that limfc_>oo 1)1 = ai, for some number ai. Consider the sequence {ai(fe,i ),2 • 

k = 1,2,---}. Since the sequence is bounded, there is a subsequence {i{k,2) : k = 1,2,---} of 
{z(fc, 1) : k = 1,2,---} such that limfc^oo 2),2 = 02 - But we also have limfe_>oo ai(/c, 2 ),i = oi- 
Continuing the process, we can obtain a bi-index sequence {i{k,l) : k,l = 1,2,---} of natural 
numbers such that limfc_>oo o.i(^k,i)j = Oj, for j < 1. Let Uk = i{k, k), for fc = 1, 2, • • •. Then, for a 
j, and an e > 0, there there exists a natural number K > j such that \ai(^k,j),j ~ o,j\ < e,Vfc > K. 
Note that {i{n, fc); n = 1, 2, • • • } is a subsequence of {i{n,j) : n = 1, 2, • • • }. Thus, i{k, k) > i{k,j), 
and \ai(^k,k) ~ Oj\ < e, Vfe > K. It means that limfc_>oo □ 


Theorem 2.4. Let {ai : i = 1,2, ■ ■ ■ } be a sequence of real numbers, {A^ > OjigN with X = sup{Ai : 
i > 1} < 00 , and for each G N, iV > A, there be N freely independent and identically distributed 
sequences 

of commutative projections on a C*-probability space {An,Tn), i- e., 

Vi(l),i(2) = 1, 2, • • •. Moreover, <Pn{p^'^n) = * = 1, 2, • • • ,r = 1, 2, • • • ,N. Define a triangular 

family of sequences of random variables {a^j]^ = aip^^\ : i = 1, 2, • • •}, for j = 1, 2, • • • ,N,N = 
1,2, •• • . Then there exists a family of random variables in a non-commutative probability 

space {A, ip) and a sequence [uk : fc = 1, 2, • • • } of natural numbers such that limfc_>oo Uk = 00 and 
+ ® 2 *nfc + • • ■ + an],nfc)ieN convcrgcs to in distribution, as k ^ 00 . 


Proof For N, i{l),i(2), ■ ■ ■ , i{n), n G N, let 

f{N,i{l),i{2),--- ,i{n)) = 1 <r <N, 

and M{i{l),i{2), ■ ■ ■ ,i{n)) = |ai(i)a/( 2 ) • • • ai(„) | min{Ai(j) : j = 1,2, • • • ,n}. Then 
\f{N, i(l), i{2), ■■■ , i{n))\ = iV|ai(i)a,( 2 ) • • • ai^n)TN{Pr,N^'*Pr,P'’ '' 
<iV|ai(i)ai( 2 ) • • •ai(„)|min{|(/?Ar(p|.*i;J^^)| : j = l,2,---n} 


Ft\cyi(^l^CXi(^2) ' ‘ * k^i{n) \ miu^ - 
=M{i{l),i{2),--- ,i{n)). 


A 


N 




,n} 
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since LpN '■ An —C is positive, and P^r^'N^ ^ minlp^*^'^)) : j = 1,2,-■■ ,n}, as 

projections. 

Let 

Sm = {(i(l),i(2), • • • ,i{n)) ■ *(1) +*(2) H- \-i{n) = m,z(l),z(2), • • • ,i{n) G N}, 

for TO G N. Then for each to G N, Sm is a finite set with ISml = k^m and {Sm : to G N} is a partition 
of the set {(*(1), i{2), ■ ■ ■ , i(n) : z(l), i(2), • • • , i{n),n G N}. Define a bijective map 

m—1 m —1 m 

7 : S'! -)■ { 1},7 : -> {(^ fci) + 1 , fci) + 2 ,- - • ,'^ki},m > 2 . 

For instance, 7 (( 1 , 1 )) = 2 , 7 ( 2 ) = 3 , 7 ( 52 ) = {2,3}. It implies that 

7 ({(*(l),i( 2 ), • • • ,i{n)) : *(1), *(2), • • • ,z(n),nGN}) 

= 7 ( 51 ) U 7(5'2) U • ■ • U jiSm) U • • • 

={J :j=l,2,3,---}- 

Thus, {/(iV,*(l),*(2),..- ,*(n)) : iV, *(1), *(2), • ■ • , *(n), n G N} = ■. N,j G N} is 

a bi-index sequence. By Lemma 2.3, there is a sequence {nk)keti of natural numbers such that 
limfc_>oo nk = 00 , and f{nk, i(l), i{2), • • ■ , i(n)) converges as fc —>■ 00 , for every tuple (*( 1 ), *(2), • • • , i{n)). 
By Theorem 2.2, there is a family of random variables in a non-commutative probability 

space {A, p) such that ((ai*h + “ 2 *^^ +-1“ “S.nfcjiGN converges to in distribution. □ 

Remark 2.5. (1) By Theorems 2.2 and 2.4, For eaeh i G N, 

Kn{h) = lim {nkPndiai'lj'^) =a^Xi,n = 1 , 2 ,--- . 

fe—>-oo 

Hence, bi has a free Poisson distribution, for each i G N. 

( 2 ) If{p%Un is an orthogonal sequence of projections, for ViV, r = 1, 2, • • • , N, then 

Kn{h{l)bn 2 ) ■ • ■&i(n)) = lim nkPnk{oii(l) ■ • ’ 'Pr^nP) = 0: 

K —^00 

whenever there are i{j) ^ *(0)0 < j, Z < n. This means that {0 : * G N} is a free family 
of free Poisson random variables. A similar procedure of constructing a free family from an 
orthogonal one can be found in Example 12.19 in [NS) . 

We, therefore, define multidimensional free Poisson distributions as follows. 

Definition 2.6. A family of random variables *** 0 , non-commutative probability space {A,Lp) 

has a joint free Poisson distribution if the family has a joint distribution same as the limit distri¬ 
bution in Theorem 2 . 4 . 


3. Free Poisson Processes 

An analogue of classical Poisson processes in free probability can defined as follows. 

Definition 3.1. For fc G N and a G R. A family {Xt ■ t > 0} of self-adjoint elements in a *-non- 
commutative probability space (A, tp) is a free Poisson process if it satisfies the following conditions. 

(1) Xo = 0. 

(2) For 0 < ti < t 2 < ■ ■ ■ < tn < 00 , Xt^ — • • • ,Xt 2 — form a freely independent 

family. 

(3) For 0 < s < t, Xf — Xs has a free Poisson distribution with parameters A = k{t — s) and a, 
that is, Kn{Xt — As) = k{t — s)a'^, n = 1, 2, • • • . (The most common case is that k = 1.) 

Construction We give a procedure for constructing a free Poisson process in a *-non-commutative 
probability space, for a real number a. 
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(1) For each natural number N, let t H- pt^N be a projection-values process [OjTV] ^ A, 

where (^, ip) be a tF*-probabihty space. That is, for 0 < < t2 < • • • < in < N, 

{Pt2,N-Pti,N,Pt3,N-pt2,N, ■ ■ ■ ,Ptn,N -Pt„_i.Ar} is an orthogonal family of projections, and 
<p{pt,N) = il'jVO < t < N. Actually, we can get such a process by letting pt — Ps = 

for 0 < s < t < in the projection-valued process in Section 4.2 of |MA| . 

(2) Choose N free copies of the process in Step 1. That is, processes {pj ^ : 0 < t < N},i = 
1, 2, • • • ,N, are N free families of random variables, and ip{pl pf) = ^ i = 1, 

(3) Let at^N = Oi'l2^=iPt n- Then the limit in distribution of at,N, a.s N ^ oo, has free 
cumulants Kn{at) = to"',Vn > 1, by Proposition 12.11 in |NS) . 

(4) By Exercise 16.21 or Theorem 21.7 in [NS] . there is a family {at : t > 0} in A such that 
Kniat) = ta^,yn > 1 (If necessary, we can expand A so that A contains all limit elements 
{at,t > 0 }). 

Now we show that [at : t > 0} is a free Poisson process with parameter ol. 

Theorem 3.2. The process {a* : t > 0} constructed via the above procedure is a free Poisson process 
in {A, if). 

Proof. For 0 < s < t, choose N > t, and consider at.N — cLs.n = ctY^^=i{Pt n ~P\ n)- By the proof 
of Proposition 12.11 in [NS] . the n-th free cumulant of at^N — cls.n is {t — sja" + 0{^). Thus, 

Kn(at — Os) = lim {{t — s)a^ + 0 (^)) = {t — s)a",yn > 1 . 

N—^OO N 

Moreover, by Remark 2.5, for 0 < < ^2 < ■ • ■ < < oo, at„ — • • • 0*2 ~ Q-ti form a freely 

independent family. □ 

Remark 3.3. (1) In Section 4-^ of |MAj . Anshelevich constructed a free Poisson process as 

follows. For a projection-valued process I 1 -^ pi, from half-open intervals I C [0,1] into 
projections in a W*-probability space{A, ip), and a standard semicircle element s € A, which 
is free from [pi : / C [0,1]}, I 1 —> spis is a free Poisson process with Knispis) = |/|. Let 
I = [0,t). Then Kn{spis) =t (t > 0). This is a special case of free Poisson processes with 
a = 1. 

(2) When combining the construction in Remark 1.9 in [MT] and that in Section 4-2 in [MX] . 

we can get a free Poisson process I 1 -^ spis for a general semicircle element s € A. with 

radius r. The free Poisson process 1 1 -^ spis has n-th cumulant Kn{spis) = This is 

2 

a free Poisson process with a = ^ > 0. 

(3) One can get a free Poisson process by our procedure for any a G R. 

A generalized version of free Poisson distributions is the following compound free Poisson distri¬ 
butions. 

Definition 3.4 (Definition 12.16 in [NSj l. Let n be a compactly supported probability measure on 
R, and A > 0. A probability measure p on is called a compound free Poisson distribution 
with rate X and jump distribution v if the n-th free cumulant of p is K„(/i) = Am„(z/), where m„(i^) 
is the n-th moment of measure v, and n > 1. 

Now we generalize the notion of free Poisson processes to a compound version. 

Definition 3.5. Let n be a compactly supported probability measure on R and k G N. A family 
[ai : I = [s,t) G [0, 00 )} of self-adjoint elements in a *-non-commutative probability space {A,(p) is 
a compound free Poisson process with respect to v, if it satisfies the following conditions. 

(1) ai has a compound free Poisson distribution: Kn{ai) = k\I\mn{r'),n > 1. 

( 2 ) If Ii, I 2 , ■ ■ ■ ,In are mutually disjoint half-open intervals, then , 0 / 3 , • • • , a/„ form a freely 
independent family. 
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Construction For a compactly supported probability measure v on R, the construction for a 
compound free Poisson process is very similar to that for a free Poisson process. 

(1) For each natural number choose a projection-valued process 1 i—P/. at, from half-open 
intervals / C [0, A^] into a bF*-probability space {A,(p) such that ip{pi^N) = as we did 
in the previous construction for a free Poisson process. Let pt^N = Pio,t),N- 

(2) For a half-open interval I = [s,t), where 0 < s < t, choose a natural number N > t, and a 

self-adjoint element in iAi,ipi) such that = mn{v), where Ai = Pi^nAp^Ni 

Pi{x) = 1 for X € A/, and mn{v) is the n-th moment of measure v. Then = 

p(pi,N)mn{y) = i^mn{v),n > 1 . 

(3) As the Step 2 in the previous construction, for each natural number N, choose N processes 

■ I = [sA) C. [0,A^]},i = 1,2,-•• ,Ar, that is, > 1, i = 

1, 2, • • • ,N. Also, the N processes are freely independent from each other. 

(4) Let “/TV’ [O’ -^]’ A^ = 1, 2, • • •. By the proof of Proposition 12.11 in 

[NSj . limTv Kn{bl,N) = |.f|Wn(l/),n > 1 . 

(5) Let {bj : J = [s, t), 0 < s < t < oo} be the family of random variables with the distribution 

Unih) = (t- s)mn{v), n > 1 . 

Theorem 3.6. {bj : / = [s, t), 0 < s < t} constructed above is a compound free Poisson process. 

Proof. By the construction, Kn(bi) = \I\mn{v),n > 1, that is, bj has a compound free Poisson 
distribution. 

For a family {/i,/ 2 , • • • ,Ik\ of mutually disjoint half-open intervals, choose a natural number 
N such that Ij C [0,At],j = 1,2,--- ,fc. For every 0 < r < N, ^ Ai-^n = Pi^.nApi^^n, 

j = 1, 2, • • • , A^. Thus, 0^=1 “/j^TV = 0. By Theorem 13.1 in [NS] . 

i 

(^A(i) ’ ’ • ■ • ^<^(11 “Si) ,iv) = 0 ’ 

i=i 

if there are two disjoint intervals in {/i(i),L)( 2 ), • • ■ Ai{i)\ Q {I 1 A 2 , ■ ■ ■ ,.ffe},Vl < I < k. It follows 
from Theorem 11.20 in [NS] that bj^Ah^''' form a freely independent family. □ 

In classical probability, the sum of two independent Poisson processes is still a Poisson process 
(see Section 2.3 in |RGj ). In free probability, we have a slightly different result. 

Theorem 3.7. Let { 6 /,i : I = [s,t) C. [0, oo)}, / = 1,2, ••• ,fc, be a freely independent family of k 
compound free Poisson processes such that Knibi,i) = where Vi is a compactly supported 

probability measure on M, i = 1, 2, • • • , fc. Then the sum bj = X/i=i “ compound free Poisson 

process with distribution Kn{bi) = k\I\mn{v),n > I, where v = 

Proof. For a half-open interval / = [s, t), operators &/,i, &/, 2 , • • • , &/,fe are freely independent. There¬ 
fore, 

k k ^ f \ 

Kn{bi) = ^ Hn{bi.i) = ^ \I\mn{vt) = k\I\ ^ n > I. 

2=1 2=1 2=1 

For mutually disjoint intervals /i, / 2 , • • • ,Ii of [0, 00 ) and n < I, we have 

n k 

, &/2 ; * ‘ ^ ^ ^ ^ ,ji i ^Ii 2 ,j2-> ' ' ’ 7 ,jn ) ■ 

hA2p- - — yp^p' jl,j2,--- ,jn — l 

It implies that 6 /^, 6 / 3 , • • • , bj^ are freely independent. □ 
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Corollary 3.8. Let {at,i ■ t > 0} and {at, 2 ■ t > 0} be two freely independent free Poisson proeesses 
with distributions Kn{at,i) = taf,n > l,z = 1,2. Then {at = at,i + at, 2 : t > 0} is compound free 
Poisson process. Moreover, the sum process {at ■ t > 0} of two non-zero free Poisson processes 
(that is, (oi)^ + ( 02 )^ ^ Q) is a free Poisson process if and only if ai = 02 ■ 

Proof. The first conclusion that the sum of two freely independent free Poisson processes is a 
compound free Poisson process follows from the previous result, Theorem 3.7. More precisely, the 
sum process has a distribution Kn{at) = 2tmn{v),n > 1, where v = 5a is the 

point mass distribution at number a (see Example 3.4.1 in |VDN]). Note that a compound free 
Poisson distribution is a free Poisson distribution if and only if the probability measure u in the 
definition of compound free Poisson distributions is a point mass distribution 5a. If Q;i = 02 , then 
5ai + 5a2 = 2(5o!, where a = ai = 02 - Therefore, 

Kn(at,i + at, 2 ) = + 0 . 2 ) = 2toPfit > 0,n > 1. 

It follows that the sum process is a free Poisson process. 

Suppose now that 5a^ +5a2 = Sda, for some a £ R, we will show that Oi = 02 . Suppose ai ^ a 2 . 
If |ai| > |a 2 |, then for 1 > 0 and all n G N, we have 

K„(at.i + at. 2 ) = + atf) = 2ta’^ ^ 1 + = 2( —)"• 

ai ai 

Let n —>■ 00 , we have the limit of the left side sequence is 1. On the other hand, if |a| > |ai|, 
the limit of the right side sequence is ± 00 ; if |a| < |ai|, the limit of the right side sequence is 0; 
if a = —Oi, the limit of the right side sequence (—1)" does not exist. All these cases lead to a 
contradiction. It implies that a = ai. Thus, lim„_>oo 2(^)” = 2. This contradicts to the fact that 
the limit on the left is 1. Hence, the assumption |ai| > \a 2 \ is wrong. Very similarly, we can prove 
that the assumptions |ai| < |a 2 | and ai = —02 lead contradictions. Therefore, if the sum is a free 
Poisson process, then oi = 02 . □ 

Remark 3.9. (1) A similar result about the sum of free Poisson distributions can be found in 

Exercise 12.25 in [NSj . 

(2) Combining the construction after the definition of free Poisson processes and the above 
corollary, we can construct a free Poisson process {at : t > 0} such that Kniat) = kta'^,n > 
1 , for fc £ N and a £ K. 

4. The Karhunen-Loeve expansion of a free Poisson Process 

4.1. The Karhunen-Loeve expansion of a classical stochastic process. First let’s recall the 
Karhunen-Loeve Expansion of a classical stochastic process (Sections 2.3.6, 2.3.7 in [D.l] and [AA) 1. 

Definition 4.1 ([PB]). Let T £ R,T > 0. A function K[s,t) : [0,T] x [0,r] R is called a kernel 

if 

(1) K is symmetric, that is, K{s,t) = K{t, s),i0 < s,t < T, and 

(2) K is non-negative definite, 

n 

CiCjK{U,tj) > 0,Vti,t2,--' ,tn £ [0,r],Ci,C2,--- ,c„ £ R. 

Theorem 4.2 (Mercer’s theorem, [PB]). Suppose K : [0,r] x [0,T] —>■ R is a continuous ker¬ 
nel. Then the integral operator Tk '. L'^{[0,T]) — L‘^{[0,T]), TK{f){x) = K{x,y)f{y)dy,Vf £ 
L^([0, r]) is non-negative definite, and there is an orthonormal basis {f>i : i = 1, 2, • • •} o/L^([0, T]) 
consisting of eigenfunctions of Tk such that the corresponding eigenvalues {A^} are non-negative. 
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The eigenfunctions corresponding to non-zero eigenvalues are continuous on [0,r] and the kernel 
K has the form 

CO 

K{s,t) = ^ Xicj}i{s)cj}i{t), 

where the convergence is absolute and uniform, that is, 

n 

lim sup = 0. 

Theorem 4.3 (Karhunen-Loeve, [Ml). Let Xt be a centered (i. e. E(Xt) = 0), mean square 
continuous E{{Xt — Xt„)'^) = 0) stochastic process on a probability space with 

Xt € L^{Q, [0,r]). Then there is an orthonormal basis {(fi} o/i^([0,T]) such that for all t G [0,T], 

OO 

Xt = J2^^Mt), 

where Xi = Xt<pi{t)dt, the convergence is in LF'ILI), and E{Xi) = 0, E{XiXj) = 6ijXi,i,j = 

4.2. The non-commutative stochastic process case. Let {X{t) : t > 0} be a free Poisson 
process in a LP*-probability space (aI, (p) with a G R, fc = 1 (See Definition 3.1). Suppose that the 
process is continuous with respect to || • II 2 in A (which is called L^-continuous). For T > 0, let 
L‘^(Q,T\ A) be the space of all L^-continuous non-commutative stochastic processes of self-adjoint 
operators in {A,ip). It is obvious that (s,t) >->■ ip{XsXt) is continuous on [0,T] x [0,T]. Thus, we 
can define an inner product {X,Y) = ip{X{t)Y(t))dt in L'^{0,T;A). We get a Hilbert space 
L^0,T-A). 

Lemma 4.4. Let Xt be a free Poisson Process in a W*-probability space {A,ip) with distribution 
KfiiXt) = ta'^, n = l,2,-- - ,t>0,aGR. Suppose Xt G L^{0,T]A). Then the second free cumulant 
k{s,t) ■= K 2 iXs,Xt) is a continuous kernel on [0,T]. 

Proof. Suppose 0 < s <t <T. Then 

k{s,t) = ^^ 2 {Xs,Xt) = K 2 {Xs,Xt - X,+X,) = K 2 {X„Xs) = sa^ = k(t,s). 

Moreover, by Example 11.6 in |NS] . 

fe(s,t) = K 2 iXs,Xt) = p{XsXt) - ip{Xs)p{Xt) = ifiiXs - piXs))iXt - ifiXt))) = ipiXsXt), 
where Xt = Xt - (p(Xt). 

It implies that for 0 < H, < 2 , •'' An <T and ci, C 2 , • • • , G R, we have 

n n n n 

0 < >p{C^CiXti)C^CiXt.)) = CiCjip{Xt.Xt.) = y] CiCjk{ti,tj). 

i—1 i—1 

That is, k is non-negative definite. Note that the continuity oi t 1 -^ Xt implies the continuity of 
t i--> Xt- Thus, we can assume that Xt is centered, therefore, k{s,t) = piXgXt). It implies that 
k{s,t) ■ [0,T'] X [0,T] —R is continuous. □ 

We are in the position to present the Karhunen-Loeve expansion of a free Poisson Process. 

Theorem 4.5. Let{Xt)t>o be an L^-continuous free Poisson process in a W*-probability space 
(M, (fi) with distribution Kn{Xt) = ta'^,t > 0, n = 1, 2, • • •, for some a G R. Let 

Xt=Xt-taL{t > 0),A„ = = (|)V2sin((!L^|^),„ > 1 . 

Then we have the Karhunen-Loeve expansion of Xt. 
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( 1 ) 


oo 


Xt=Y,X^Ut),Q<t<T, 


2=1 


where Xi = fg Xt4>i{t)dt, the convergence is in 

( 2 ) 

Proof. By Lemma 4.4 and Theorem 4.2, there is an orthonormal basis {(j)i{t) : i = 1,2,---} of 
L^([0, T]) and non-negative numbers A^, t = 1, 2, • • •. such that 

OO 

^{XsXt) = g^iXsXt) - <fi{X,MXt) = k{s,t) = ^A,0,(s)0,(t),vt,s e [0,T], 

2 = 1 

where the convergence is absolute and uniform on [0,T] x [0,T]. Let’s prove the properties of Xi. 
(f{Xi) = (p(Xt)^i(t)dt = 0, and 


rT pT 


pT pT 


ifiX.X,) = / 

Jo Jo 

For t € [0, T] and n S N, we have 


ip{XtXs)(j)i{s)4>j{t)dsdt = 


k{s,t)4>iis)(f>j{t)dsdt = SijXi- 


/o ^0 


ifiixt = p{x^) -2J2pixa^)Mt) + E p{x,x,)i,,{t)i,,{t) 


2 = 1 


2=1 




n pT ^ 

= k{t,t) - 2^( / (p{XtXs)(l)i{s)ds(l)i{t)) + ^ ip{XiXj)(j)i{t)(l)j{t) 

i—l i j—i 


— k{t, t) — 2 0, 

2 = 1 2=1 

as n —>■ oo, by Theorem 4.2. Moreover, the convergence is uniform on [0, T]. By the proof of Lemma 
5.4 and the example in Page 27 of m. we can choose the eigenvalues and eigenfunctions as follows 


, - - , / \ / 2 1 /2 , (n — l/2)7rt 

= (n-l/2)V '*'"“> = <r> ™<- f - 


□ 


5. Integration with respect to free Poisson Random Measures 

A generalization of free Poisson processes is the following free Poisson random measures. 

Definition 5.1. Let a £ R. A free Poisson random measure is a map X from the set Bq of all 
Borel subsets with finite Lebesgue measure on the real line R into Asa, the space of all self-adjoint 
elements of a * non-commutative probability space {A, g}), with the following properties. 

(1) Xe has a free Poisson distribution with parameters a and \E\, for a set E £ Bq, where \E\ 
is the Lebesgue measure of E, that is, the n-th free cumulant Kn{XE) = \E\q^, n > 1. 

(2) If El, E 2 , ■ • ■ ,Ek are mutually disjoint, then Xe^, Xe 2 , ■ ■ ■ tXe,. are freely independent. 

(3) If El, E 2 , ■ ■ ■ ,Ek are mutually disjoint, then Xijn__^Ei = y:=iXe.- 

Remark 5.2. We restrict the map X to {[0,t) : 0 < t}, and let Xq = 0, then {0} U {Xt = A[q : 
t > 0} js a free Poisson process. Thus a free Poisson measure can he regarded as a generalization 
of a free Poisson process. 

For notational simplicity, we assume from now on that a = 1 in the definition of free Poisson 
measures. To study integration with respect to a free Poisson random measure, we need to deal 
with convergence problems. Thus, from now on, we assume that (A, ip) is a IF*-probability space. 
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Define ||A||p = p, for A G A. Let LP{A,(p) be the completion of A with respect to the 

norm || • ||p for p > 1 . 

Let s = z2i=i ^iXEi be a simple function on K, where Ei,E 2 , - ■ ■ , En are mutually disjoint Borel 
sets on R with finite measures, and ci, C 2 , • • • ,Cn are mutually distinct numbers. Define the integral 
of s with respect to Xe as 

P n 

= / s{x)X{dx) ■.= 'y^CiXEi- 

i=i 

Then p(X(s)) = Citp{XEi) = Ya=i Ci\Ei\ = s{x)dx, and 


^{X*{s)X{s)) = Y, c.cJp(Xe.Xe,) 


ij'=l 






= ^C*CjP(XeJp(Xe,) |c,P(k2(Xe,) +p(Xe,)2) 




2 = 1 


= / s{x)dx / s{x)dx Y / \s{x)\‘^dx 

Jr Jr Jr 

<||s||? + ||s|| 2 <(|s«pp(s)p + l)||s||i 


where |sitpp(s)| is the Lebesgue measure of the support set of function s. That is, 

p(X*(s)X(s)) < ||s||? + ||s||^ < {\supp{s)\^ + l)||s||i (1) 

Hence, for a function / £ L^(R) with finite measure support S'/, we can define the integral of / with 
respect to a free Poisson random measure X as follows. Let {sn} be a sequence of simple functions 
such that ||sn — /II 2 —>■ 0, as n 00 , and the support of s„, for all n, are contained in S/, the 
support of /. Then, we have ||X(s„) — X(sm )||2 ^ + l)||sm — Snili 0, as both m and n 

approach 00 . It implies that we can define the integral as 

X{f) := ( f{x)X{dx) = lim X{sn) G L'^{A,ip), 

Jr 

where the limit is taken in the norm || • ||2 in A. It is obvious that the limit X{f) is independent of 
the choice of s„. Moreover, for / G L^(R) with S/ := supp{f), |S/| < 00 , let s„ —;■ / in || ■ II 2 , and 
supp{sn) C Ef. By Cauchy-Schwartz inequality, Sn ^ f with respect to || • ||i. It follows from (I) 
that 

p{X{frX{f)) = hm p(X(s„)*X(s„)) < hm (||s„||? + ||s„||2) = ||/||2 + ||/||2. ( 2 ) 

n—¥QQ n—¥oo 

For a function / G L^(R), we can define 

X(/,t) := r f{x)Xidx),\/t > 0,X(/) = hm X(/,t), (3) 

J-t 

provided that the limit taken in the norm || • II 2 in L‘^{A,‘f) exists. By the above definition of 
integration, we have the following rudimental property. 

Proposition 5.3. Let f,g € L^(R) such that X{f) and X{g) exist. Then, for real numbers a,l3, 

X (a/ + Pg) = aX(f) + l3X{g). 

Theorem 5.4. Let f G L^(R) fl L^(R) be a real-valued function. Then X{f ) = limt^oo X(/, t) 
exists. 
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Proof. For / € L^(R) n let I„ = [—n, n],n = 1, 2, • • •. Then ^ R, and 

f \f{x)\dx= lim [ \f{x)\dx, [ \f{x)\'^dx= lim f \f{x)\'^dx. 

Thus, let fn{x) = f{x)x[-n.n\ix),n = 1,2, - ■ Then ||/ - /n||i + ||/ - fnh 0, as n ^ oo. By 
identity ( 2 ), we have 

\\X{fn) - X{fm)\\l = \\Xifn " fm)\\l < Wfn " fmWl + \\fn " U\l ^ 0 , 
as n, m —^ cx). Therefore, we have 

Xif) = [ f{x)X{dx) = lim r f{x)X{dx) 

Jr n^°°J-n 

exists. □ 

Theorem 5.5. Let f„,n > 1, f he real-valued functions mL^(R)nL^(R) such that liiJin^nciWfn — 
/111 + Wfn - /II 2 ) = 0-Then lim™ ||^(/n) - ^(/)||2 = 0 , that is, 

lim [ fn{t)dXE{t) = [ lim fn{t)dXE(t). 

Jr Jr 

Proof. For every TV S N, we have 

lim ( [ \fn{t) - f{t)\ + \fn{t) - f{t)f)dt < lim ( / |/„(t) - f{t)\ + |/„(t) - f{t)f)dt = 0 . 

ri^oo ri^oo Jg 

For every e > 0, there exists a number no € N such that 

||/n,Ar - /will + ||/n,W - /w ||2 < £, Vn > Uq, N e N. 

Let fn,N = X[-N,N]it)fn{t) and /Ar(t) = X[-N,N]{t)f{t)- By (2), we have 

||-’^(/n.w) — X{fE)\\L^{A,tp) < Wfn,N — /w||l + ||/n,W — /w||2 < £, Vn > ng, N GN. 

Hence, for e > 0, we have 

ll^(/n) - ^(/)||l 2 (A¥>) = Jim I|^(/n,w) “ X{fN)WL^A,v) < £, Vn > no. 

It follows that lim„^.oo ||-V(/„) - X{f)WL‘^(A,ip) =0- D 

Remark 5.6. (1) Let a be a self-adjoint operator in a W*-probability space {A,ip) with a free 

Poisson distribution n„(a) = A > 0, n = 1, 2, • • •. // 0 < A < 1, by Remark j.3 and Section 
4.2 in |mxi . we can choose a positive element sps having the same distribution, where s is 
a self-adjoint operator with the standard semicircle distribution, and p is a projection in A 
such that s and p are freely independent, and (p{p) = A. Moreover, for a general A > 0, by 
the construction in section 4-2 in |MA) . we still can choose a positive operator a' G A such 
that a' and a have the same distribution. 

(2) IFe know that if Kmia) > 0,Vm > 1, then > 0,Vm > 1 (^(11.6) and (11.8) in |NS) / 

But that having all positive moments doesn’t mean that a G A is positive. For instance, 
let A = L°°{[0A],dx), El = [0,l/3],iT2 = [2/3,1], and f = 2 xei — XE 2 G A is not non¬ 
negative. But Jp /(x)"dx = 1/3(2" + (—1)") > 0, Vn = 1, 2, • • • . 

Theorem 5.7. If {Xe ■ E G Bq} is a free Poisson random measure and Xe > 0,\/E G Bq, then the 
integration with respect to the random measure is a contractive mapping from Lg(R) into L^{A, ip), 
where ig(R) is the space of all real-valued L^-functions on R. 

Proof. Let s = Ym=i ^iXSi be a simple function with finite support | En\ = X[r=i l-^J ^ 

By the definition, X{s) = ciXe^. Thus, 

n n 

¥^(|^(£)|) < E \<^MXe,) = E = Pill- (4) 

2=1 2 = 1 
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Let / S Lr(R), and choose a sequence {s„ : n > 1} of simple functions such that / = lim„_>.oo s™ a. 
e. and in Then, by (4), we define 


Xif) = [ f{x)X{dx) := lim X(s„), 
where the limit is taken in L^{A, ip). Moreover, 


ll^(/)lli = ¥’(l^(/)l) = lim ‘/3(|^(sn)|) < lim ||sn||i = 

n—foo n—>oo 


□ 


When we consider real-valued functions in L^(R), the integration operator X : L^(R) — L^{A, ip) 
has the following monotonic property. 

Proposition 5.8. Suppose that Xe > 0,\/E G Bq. If real-valued functions f < g, and f,g € L^(R.), 
then X (/) < X(g) in (M, ip ). 

To study the distribution of X{f), we focus on real-valued functions in := nn>i T"(R). 

Theorem 5.9. Let f G be a real-valued function. If Xe > 0,\fE G Bq, then X{f) G 

(/?), and X(f) has a compound free Poisson distribution: 

KmiX{f))= f /(x)'"dx,m = 1,2, • • • . 

Jr 


Proof. Suppose first that / > 0. Then there exists a sequence {s^ : n > 1} of simple functions such 
that Sn ^ f a. e., as n — >■ oo, and 0 < Snix) < f{x) a. e.. By Lebesgue’s dominated convergence 
theorem, lim„_).oo s™ = / in L™, for all m > 1. It implies that 

lim [ Sn[x)'^dx= [ /(x)™(Jx, m = 1, 2, • • • . (5) 

Jr Jr 

On the other hand, for a simple function s = X{s) = CiXEi. It follows that 

n m n 

i—1 

By (5) and (6), we have 


''{x)dx. 


( 6 ) 


lim Krn{X{sn))= / f (x)"^dx, m = 1, 2, ■ ■ ■ . (7) 

Moreover, for a real-valued simple function s = , |s(x)| =Y^'^=i\^i\XEi. Since lim„_>oo Sn = 

/ in L™, for all m > 1, we have |s„j — s„ 2 |’”(a:)dx —> oo, as ni,n 2 oo, for all m > 1. Let 
s„i - diXFi, we have 

« k 

/ |sni - s„2r(a:)dx = ^ \ci\""\Ei\ 0, 

i=l 

as ni,n 2 oo, for all m > 1. Therefore, by (6) we have 

k 

Em{\XiSn, - S„J|) = ^ hHE^l = ||Sn, - ^ 0, 

as, ni,n 2 —>■ oo, for all m> 1. By the moment-cumulant formals (11-7) and (11-8) in [NSj . we have 

^(ix(snj-x(snjr)^o. 
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as ni,n 2 —>■ cxd, for all m > 1. Note that 0 < X{sn) S A. Thus, there is a positive operator 
X{f) G L°°~ := n^i such that (f{X{f)^) = lim^^oo (sn)™)- It implies from (7) 

that 

K^{X{f))= lim Km{X{sn))= [ f (x)"^ dx, m = 1, 2, ■ ■ ■ . 
n^oo _y„ 

By Exercise 16.21 in [NS] . there is a non-commutative probability space (2?, V') and an element 
d gV such that ip{d^) = f{x)'^dx, m = 1,2, ■ ■ ■ . Then we have 

K^{X{f)) = i:{d^),m= 1,2,--■ , 

that is, X{f) has a compound Poisson distribution with A = 1 and measure v, where = 

V^(d"),n=l,2,.-.. 

For a general real-valued / G L°° , let / = /+ — / . Then |/| = /^ + / ■ We have X{f) = 
X(/+) —X(/“) G L'^~{A,(p). Let simple functions > /+ and s~ —>• f~ a. e.. ThenX(s+) and 
X{s~) are freely independent, since supp{s^) C supp{f'^) and supp{s~) C supp{f~) are disjoint. 
It follows that 


Km{X{f)) = K^{X{f+) - X{f-)) = hm k™(X(s+)-X(s-)) 

n—^oo 

= hm Km{X{s+)) + {-!)"" lim KmiX{s~)) 

n—foo n—)-co 

= [ /+(x)™dx-f (-1)™ [ f-{x)"^dx= [ f{x)"^dx. 

Jr Jr Jr 

It implies that X{f) has a compound free Poisson distribution 

i^miX{f))= [ /(x)™da:,m = 1 , 2 , • • • . 

Jr 


□ 


6. Centered Free Poisson Measures 

A random variable a in a non-commutative probability space {A, ip) is centered if (f(a) = 0. For 
a random variable a G A, d := a — <p{a) is always centered. 

Definition 6.1. (1) If a random variable a G {A, ip) has a free Poisson distribution Kn{a) = 

\a^,n > I, then we say d = a — ip{a) has a centered free Poisson distribution, that is, 
Knid) = \Q^,n > 2 , and Ki(d) = 0 . 

(2) If Xe,E G Bq, is a free Poisson random measure, we called Xe = Xe — \E\,E G Bq, a 
centered free Poisson random measure. 

Proposition 6.2. A random measure Xe,E G Bq, is a eentered free Poisson random measure, if 
and only if 

(1) Xe has a centered free Poisson distribution with parameter \E\, for a set E G Bq. 

(2) If El, E 2 , - ■ ■ ,Ek are mutually disjoint, then Xe^, Xe^, '' ‘ tXe^ are freely independent. 

Proof. Suppose that Xe = Xe — \E\. Then by Proposition 11.15 in |NS| . for ai,a 2 ,-- - ,am S 
A,m>2, we have Nm(ai, 02 ) • • • ;Om) = 0, if there is at least one scalar element Oi = al, where a 
is a constant, and I is the unit in A. It follows that, for m > 2, m G N, 

f^m{XE) = Km{XE “ \E\,Xe, ' ' ' , Xe) = Krn{XE, Xe, ' ' ’ , Xe) = • • • = Km(XE) = \E\. 

It is obvious that {Xe^, • • • , is a free family if Fi, i? 2 , • • • , En are mutually disjoint. 

Conversely, ii Xe satisfies the two conditions, let -|- |iJ|. By the above discussion, Xe 

is a free Poisson random measure. □ 

Let s = '^^XEi with IF^I < oo. Define A(s) = J^s{x)X{dx) := 

Lemma 6.3. ||A(s)||i = ||s|||. 
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Proof. 


||X(s)||2 = ^{X{srx{s)) =^{J2 cfqp{XE,XE,)) 

i.3 = ^ 

n n 

= ^ |c.|V(^lj = E \c^\"i^2{XE.) + ^{XE,r) 

i^l i^l 

n 

= Y^\c^^\E,\ = \\s\\1 

i=l 

□ 

From the above lemma, we can extend the integration to i^(R). Let / be a real-valued functionin 
L^(IR), and {s„ : n > 1} be a sequence of simple functions such that s„ / a. e. and in || • II 2 . 
Then define X{f) = lim„_>oo ^(sn) S L^(^, </?), where the limit is taken with respect to || ■ II2 of 
L‘^{A,lp). The operator X : L^(R) — Lf{A,(p) is isometric. 

Lemma 6.4. Let s = ^^^iCiEi be a real-valued simple function, and Xe > 0,Vif G Bq. Then 
\\X{s)h<2\\sh. 

Proof. 

n n 

||X(s)||i = ^(|X(s)|) < E \cMXe.) + E = 2plli- 

i=l i=l 

□ 

Hence, we can extend the integration to L^(]R). For a real-valued / S L^(M.), let s„ be a 
real-valued simple functions such that s„ —>■ / a. e. and in T^(]R). Then we define X{f) = 
lim„_>.oo-^(sn) S L^{A,ip), where the limit is taken with respect to || • ||i of L^{A,ip). 
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